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Abstract. 

Let C be a Grothendieck topos, G and H group objects of C. Let p : P ^ 
X be an H-torsor. Suppose that X is endowed with an action of G. In this 
paper, we study the obstructions to lift the action of G on X to P by using 
non commutative cohomology. Firstly, when a natural condition is satisfied, we 
associate to this problem an extension of groups objects in C whose splittings 
correspond to the liftings of the action of G. We apply the results obtained to 
the categories of topological and differentiable manifolds, and to the category 
of schemes. For the categories of differentiable manifolds and affine varieties 
defined over a closed field, we use also another approach induced by the slice 
theorems of Koszul and Luna which enable to define Grothendieck topologies 
for G-invariant neighborhoods. This lifting problem has been studied in several 
categories by Brion, Hambleton, Hattori, Haussman, Lashof, May, Yoshida,... 
We recover and generalize some of their results. 

1 Introduction 

Let M be a finite dimensional differentiable manifold endowed with the differ¬ 
entiable left action of the finite dimensional Lie group G. Consider a Lie group 
H and a principal iJ-bundle p : P ^ M. We say that the action of G can 
be lifted to P, or equivalently that P is a (G, iL)-bundle, if there exists a left 
differentiable action of G on P which commutes with the right action of H on P, 
and such that p is a G-morphism. (G, iL)-bundles have been studied by many 
authors; among them, we can mention Brandt and Hausmann [3], Hambleton 
and Hausmann [11] and [12]. In [3], the authors have characterize the existence 
of liftings of the action of G on M to P by using topological conditions and 
gauge theory. In [11] they have classified (G, iL)-bundles for which the base 
space is S'" endowed with the canonical action of SO(n) which fixes the south 
and north poles and in [12] they have studied (G, P)-bundles over split spaces. 

A similar question has been studied by many authors in the category of 
topological manifolds, among them, we can quote Hattori [13], Lashof, May, 
Segal [14], and Stewart [19]; their results are essentially homotopic. 

In algebraic geometry, a similar question is also intensively studied in partic¬ 
ular over algebraic homogeneous spaces. The purpose of this paper is to find a 
common foundation to this question which appears in three different fields of ge¬ 
ometry. This foundation is the theory of topoi of Grothendieck. The concept of 
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Grothendieck’s topology was defined by Grothendieck in the setting of category 
theory which has leaded him to introduce the notion of topos: this is a category 
equivalent to the category of sheaves defined on a [/-category endowed with a 
Grothendieck’s topology, where U designs an universe. As said Grothendieck in 
recoltes et semailles: 

” Cette idee englobe, dans une intuition topologique commune, aussi bien 
les traditionnels espaces (topologiques), incarnant le monde de la grandeur con¬ 
tinue, que les (soi-disant) ’’espaces” (on ’’varietes”) des geometres algebristes 
abstraits impenitents, ainsi que d’innombrables autres types de structures, qui 
jusque la avaient semble rivees irremediablement au ’’monde arithmetique” des 
agregats ” discontinus” ou ” discrets”. 

We start this paper by defining the lifting problem for a H-torsor p : P ^ X 
over an object A of a topos C endowed with the effective action of the group 
G. We suppose that p : P ^ X verifies the condition Cl which implies the 
existence of an exact sequence of group objects of C: 

1 ^ G{P) AutaiP) -^G^l 

such that the existence of the lifting of the action of G to P is equivalent to 
the splitting of this exact sequence. Such a question has been studied by Giraud 
in [6]. To study it, we apply the notion of gerbe and define a non commutative 
2-cocycle which is the obstruction of the existence of a lifting. This approach 
is an application of the extension of Grothendieck classifying spaces studied by 
Giraud. 

We apply this general theory to various situations. Firstly, we consider the 
lifting problem in the category of topological spaces. The results that we obtain 
here generalize the results of Hattori and Yoshida [13]. We also generalize some 
results obtained by Stewart [19] in this context. 

After, we consider the category of differentiable manifolds. We are particular 
interested to compact manifolds endowed with action of a compact Lie group. 
This enables to define two Grothendieck’s topologies bc,M and sa,M adapted 
to the lifting problem by considering invariant neighborhood defined by Koszul. 
The first one is equivalent to a site defined on the principal blow-up of the G- 
manifodM. The sheaves of categories : Fq —>■ ba,M (resp. Pq : Fq ^ sg,m) 
which represent the geometric obstruction of the lifting problem defined on 
bG,M (resp. sg,m) are not always gerbes. Thus, to apply gerbe theory in these 
settings, we suppose that a condition G2 is verified. When the condition G2 is 
satisfied, we define gerbes which are subsheaves of categories of : Fq bG,M 
which represent the geometric obstructions of the existence of a lifting of the 
action of G to P if the action of G is principal. To study the related question for 
SG,M, We add a condition G3 which expresses a relation between the isotropic 
groups. This enables us to classify (G, iL)-bundles over S'” endowed with the 
action of SO{n) defined above. 

By using the Luna’s slice theorem, we also develop a theory similar to the 
theory developed in the context of differential geometry in algebraic geometry. 
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2 Grothendieck topologies and torsors. 

The categories used in this section are W-categories in respect of a fixed Grothendieck 
universe U which contains an element of infinite cardinal. A small category 
will refer to a category which is Z^-small. We also suppose that the categories 
used in this section are complete and cocomplete. If C is such a category, we 
denote by Ic the hnal object of C and for every object X of C, lx ■ X Ic 
is the hnal map. We will adopt the following notations: 

For every objects X and Y of C, we will often denote Homc{X, Y) by Y (A). 

Let {ui : Xi —>■ X)i^i be a family of morphisms of C. For every hnite 
subset {ii, ...,ip} of /, we denote by the hbre product Xi^ Xjv ... Xx Xi^, 

by A and Xi^,,,i^ the canonical 

projections, where {ji,..., j/} is another subset of I. 

Definition 2.1. Let C he a category for every object X ofC, we denote by C/X 
the comma category over A. The objects of C/X are morphisms f '■ Y — >■ A. 

A morphism h between the objects {f : Y ^ A) and {g : Z ^ A) of C/X is a 
morphism of C : h : Y Z such that g o h = f. 

A full subcategory S of C is a sieve if and only if for every morphism 
f : X ^Y of C, the fact that Y is an object of S implies that X is an object of 
S. 

We say that the sieve R is generated by the family {Xi)i^j of objects of C 
if and only if R is a subcategory of every sieve R' of C such that for every i € I, 

Aj is an object of R'. 

Definition 2.2. We say that the category C is endowed with the Grothendieck 
topology J if and only if for every object X of C, there exists a non empty 
family of sieves J(A) of C/X such that: 

1. For every element R € J(X) and every morphism f : Y —>■ A of C, 

Rf = {g:Z ^Y : fogeR} IS an element of JiY). 

2. A sieve R of C/X is an element of J{X) if and only if for every R' S J{X) 
and every object f :Y ^ X of R', R^ G J/^)- 

A site [C, J) is a category C endowed with the Grothendieck topology J. 

Remark that for every object A of the site {C,J), J induces on C/X a 
Grothendieck topology that we denote by {C/X, Jx)- 

Definition 2.3. Let {C,J) he a site, C^ the opposite category of C and Set the 
category of sets. A presheaf defined on C is a functor S' : (7° —)■ Set. A sheaf 
defined on (C, J) is a presheaf S such that: 

for every object X ofC and every sieve R G J{X), limY^x^RSfY) = S(A). 

For every morphism f : X ^ Y of C, the application r{f) : S{Y) —>■ S(A) 
is called the restriction associated to f. 

We denote the category of sheaves defined on the site {C,J) by Sh{J,C). 

The Yoneda embedding allows to define for each object A of C the presheaf 
hx on C defined by hx{Y) = X{Y). The canonical topology of C is the 
finest topology such that for each object A of C, hx is a sheaf. Suppose that 
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C is endowed with its canonical topology J, the Yoneda embedding allows to 
identify C to a subcategory of Sh{C, J). 

In the rest of the paper, we are going to suppose that the Grothendieck 
topology J of a site (C, J) is less fine than the canonical topology of C. 

Definition 2.4. A category C is a topos if and only if C is equivalent to the 
category of sheaves defined on a U-site. 

Let (C, J) be a site for every objeet X of C, the topos associated to X 
Top(X) is the topos equivalent to the category of sheaves defined on (C/X,Jx)- 

In this paper, we are going to study examples of algebraic structures defined 
in a category which can be defined intrinsically or with the Yoneda embedding 
as mentioned Grothendieck in [9]. We choose the second approach here to define 
the notions of group and group object in a category. See also Giraud [6] p. 106. 

Definition 2.5. A group object G in the category C is an objeet G such that 
for every object X of G, the set G{X) is endowed with the structure of a group 
{G{X),mx) such that for every morphism f : X ^Y, the map G{Y) G{X) 
whieh sends g to g o f is a morphism of groups. 

A morphism f between the group objects G and H is an element of H{G) 
such that for every objeet X ofC, the morphism G{X) -5- H(X) which associates 
f o g to every element g of G{X) is a morphism of groups. 

Definition 2.6. Let G be a group object of the category C, a subgroup L of G 
is a group object {L^mr) such that there exists a monomorphism imL '. L ^ G 
whieh is a morphism of groups objeets. 

Let C be a category and G a group object of G. We say that the object 
Y of G is endowed with a left action Iq oi G (resp. X is endowed with a 
right action Vq of G) or equivalently that Y is a left G-object (resp. a right 
G-object) if and only if for every object Y of G, the set Y(Y) is endowed with 
a structure of a left G(Y)-set {X(Y),Iq (Y)) (resp. with the structure of a right 
G(Y)-set {X{Y),rQ{Y)) such that for every morphism f : Y —^ Z of G, the 
map X{Z) —> X{Y) which associates to go f to g € X{Z) is a morphism of left 
G(Y)-sets (resp. right G(Y)-sets). 

We say that the left action defined by Iq (resp. the right action Vq ) is trivial 
if for every object Y of G, {X{Y),Iq{Y)) (resp. X{Y),rQ{Y))) is trivial. 

Remark that if the object Y is endowed with a left action of G, we can 
associate to it a right action of G such that for every object Y of G, the group 
G{Y) acts on Y(Y) by Iq{Y) 

A subgroup L of G endows G with a left L-action (resp. an L-right action) 
defined for every object Y of G by the canonical left action (resp. right action) 
of L{X) on G(Y) induced by the group structure of G(Y). 

Let Y be an object endowed with a left action (resp. with a right action) 
of G we say that the left quotient (resp. the right quotient) of Y by G 
exists if the presheaf defined on G which associates to every object Y of G the 
left quotient of Y(Y) by G{Y) (resp. the right quotient of X(Y) by G{Y)) is 
representable. We denote by G/Y (resp. Y/G) an object which represents it. 
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Remark that GjX (resp. XjG) always exist in the topos Sh{G,J) and is 
often called an algebraic space. 

Let L be a subgroup of the group object G. We suppose that the quotient 
L/G (resp. G/L) always exists and we call it a left homogeneous space (resp. 
a right homogeneous space). 

We say that the left action of the group object G and the right action of the 
group object H defined on the object X oi G commute if and only if for every 
object Y of C, the left action of G{Y) on X{Y) and the right action of H{Y) 
on X{Y) commute. 

We recall the following definitions (see [6]. p. 117 and 126) 

Definition 2.7. Let X he an object object of the topos {C,J) and H a group 
object of C/X. The right H-object p : P ^ X of CjX is a iL-torsor if and 
only if: 

- p is epimorphic, 

-u : P Xx H P Xx P such that for every object Y of G, 

u(Y) : P{Y) Xx(Y) H{Y) ^ P{Y) Xx(y) P{Y) defined by u{Y){p,h) = 
{p,ph) is an isomorphism. 

The morphism p : P ^ X is a H-torsor of the site {G/X,Jx) if p is a 
H-torsor of the topos Sh{G/X,Jx). 

Remark that if is a group object of the topos (C, J), we can associate to 
H the group object Tlx of G/X defined hy px ■ H x X ^ X where px is the 
projection on the second factor and define the notion of Hx-torsor. Suppose 
that P is a right iJx-object, the morphism p : P —5- X is an Hx-toisoi if and 
only if there exists a sieve R of J{X), such that for every object fi'.Xi^ X, 
the pullback pi of p by fi is isomorphic to pxi : Xi x H —5- X^. See also [5] 
definition IV. 5.1.5. 

Let fil : XiXxXj X^ be the projection on the first factor. There exists an 
isomorphism Uij : fj*Pj — t // Pi such that for every Y, utjfY) : XiiY) Xx(y) 
Xj{Y) X H{Y) Xi{Y) Xx{Y) Yij{Y) x H{Y) is an automorphism defined by 
Uij {Y){x, y) = {x, yvij (x)) where Vij (x) is an element of JL(Y). Remark that the 
family verifies the Chasles relation that is: = u^f.. Conversely, 

a family of morphisms Uij : ffpj —t // Pi which satisfies the Chasles relation 
defines an Pjv-torsor over X. 

Proposition 2.1. The action of Hx of the Hx-torsor p : P —>■ X induces an 
action of H on P. 

Proof. Let Y be an object of G, for every element / of HomciY, P), p o / is an 
object of G/X. Let g be an element of HomcfY, H), (p o /, g) is an element of 
Homc/x{p o f, Hx). To define the action of (/ on /, consider {p o f ).{p o f, g) 
defined by the right action of Homc/x{p ° /) Hx) on Homc/x{p ° f^p)- It is 
an element of Homc/x{p o f^p) thus, it is defined by a morphism h ■. Y —> P. 
We set g.f = h. □ 
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We are now able to present the lifting problem that we are going to study 
in this paper. 

Question 1. 

Let G and H be group objects of the site {C, J) and X be an object of C 
endowed with the left action {X, Iq) of the group object G. Let p : P ^ X he 
a iLjf-torsor defined over X, is there an action of G on P which commutes with 
H and such that p is a G-morphism ? 

Remark that since X is a G-object, Homc{X,X) is endowed with a left 
action of G{X). For every g € G{X), we denote hg = g.Idx- Consider the 
subset AutciPy of Homc{P, P) such that for every h in AutciP)', there exists 
g in G{X) such that: 


hg o p = p o h (1) 

AutaiPy defines a presheaf on G such that for every Y in G, AutciPyiX) is the 
set of automorphisms of P{Y) such that for every / G AutciPy{Y), there exists 
g G AutciPy such that for every x in P{Y), f{x) = gox. We suppose that the 
presheaf defined by AutaiP)' is representable by a group object Autc{P). 

Since the action of G on X is effective, the relation (1) defines a morphism 
of groups objects ttc ■ AutaiP) 

We suppose that the iJx-torsor p : P ^ X satisfies the following condition: 
G1 

The morphism of groups ttg is an epimorphism. 

We thus have an exact sequence: 

1 ^ GiP) AutaiP) ^G^l (2) 

The existence of a lifting of the action of G on P is equivalent to the fact that 
the previous exact sequence splits. We are going to study this exact sequences 
by using the notion of gerbe that we present in the next section. 


3 Sheaves of categories and gerbes. 

We are going to present in this section the main tool used to study the lifting 
problem mentioned above: it is the notion of sheaf of categories which enables 
to construct global objects by gluing local objects. 

Definition 3.1. Let p : F ^ G be a funetor, for every objeet X of G, the fiber 
Fx of X is the subcategory of F such that Y is an object of Fx if and only if 
p(Y) = X and a morphism f :Y —5- Z of G is a morphism of Fx if and only if 
Pif) = Idx- 

Let m : A ^ B he a morphism of P, we write X = piA), Y = p(P), and 
n = pirn). For every object A' in Fx, we denote by HomniA', B) the subset of 
HompiA', B) such that for every element g G FlomniA', B), pig) = n. Consider 
the map CmiA') : HomFxi^',^) HomniA', B) which send h to moh. 
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Definition 3.2. We say thatm is Cartesian if and only ifcmiA') is a bijection 
for every objeet A' of Fx- 

The functor p is a fibred category if and only if for every morphism n : 
X of C, and for every object B of Fy, there exists a Cartesian morphism 
m : A ^ B of F such that p(m) = n and the composition of two Cartesian 
morphisms is a Cartesian morphism. We will say often that A is the restriction 
of B by n and write A = r(n){B). 

We say that the fibred category p : F ^ C is fibred in groupoids if and 
if for every object X of C, Fx is a groupoid or equivalently that the morphisms 
of Fx are invertible. 

Definition 3.3. Let p : E ^ C, p' : E' ^ C he two fibred categories and 
f : C ^ C a functor. A functor g : E ^ E' is a Cartesian functor above f if 
and only if the image of a Cartesian morphism by g is a Cartesian morphism 
and the following square is commutative: 

E E' 

pi ip' 

C ^ C 

We denote by Cartf{E,E') the set of Cartesian functors above f. 

Suppose C is endowed with the topology J, for every object X oi C and 
every sieve R of J{X)^ there exists a forgetful functor in : R ^ C which sends 
the object h : Y - 5 - X to X and the morphism h : {Z ^ X) — > (y —>■ X) to h. 
If R is the sieve C/X we denote in by ix- 

Definition 3.4. Let (C, J) be a site. A fibred category p : E ^ C is a J- 
sheaf of categories if and only if for every object X of C and every element 
R G J(X) the restriction functor 

in ■ Cartix i^fX, E) —> Carti^ {R, E) 
is an equivalence of categories. 

Definition 3.5. Let (C, J) he a site and p : F ^ C a sheaf of categories defined 
on (C, J). We say that p is locally trivial if and only if for every object X of 
C, there exists a sieve R in J{X) such that for every object f : Y -G X of R, 
the category Fy is a non empty connected groupoid. A sheaf of categories which 
is locally trivial is often called a gerbe. 

Suppose that M is the final object of C, the gerbe is trivial if and only if 
Fm is not empty. 

Definition 3.6. Let p : F ^ C be a gerbe defined on the site {C, J). Suppose 
that there is a sheaf in groups L defined on {C, J) such that for every object e 
of Fx, there exists an isomorphism i^ : L{X) —> Autjdxis) between L(X) and 
the group of automorphisms Autidxi^) o/e above the identity of X such that: 
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for every morphism f : X ^Y, every Cartesian morphism u : x ^ y above 
f and every element g G L{X), iy{g) o u = u o r{f)(iy{g)). In particular, the 
elements of L{X) commutes with morphisms of Fx ■ 

We say that L is the band of the gerbe p : F ^ C or equivalently that the 
gerbe is bounded by L. 

A morphism of gerbes is a morphism of fibred categories which commutes 
with their respective band. 

3.1 The classifying cocycle. 

Let L be a sheaf define on the Grothendieck site (C, J), an interesting question is 
to classify the gerbes defined on {C, J) bounded by L, on this purpose Giraud [6] 
has associated to a gerbe a non commutative Gasifying cocycle that we describe 
in the following lines. 

Let p : F ^ C he a, gerbe bounded by L and M the final object of C. 
Gonsider an element R of J{M) generated by {ui : Ui —>■ For every i G I 

choose an object Ci of Fu,. Let el = r{ul){ei) be a restriction of over C/y. 
Since Fjj^. is a connected groupoid, there exists an isomorphism hij : e* —>■ el 
above the identity. 

Let = r{u^j){e{) be a restriction of to Uijk- Recall that is defined 
by a Gartesian morphism ll^ : —)• e{. Since the morphism is Gartesian, 

if^ and hij o 1*^ are above , there exists a morphism hij : —)• ef^ such that 

° ° We write: 


Cyfe = h{^h't^h]k 

Remark that Cy^ is an automorphism of eff thus an element of L{Xij}f). 
The family of morphism {cijk)ij^kei is the classifying cocycle associated to the 
gerbe. 

The definition of the 2-cocycle (cijk)i,j,kei depends on the choice of the Cj 
and of the Gartesian morphisms. A different choice of these data defines another 
2-cocycle and we say that this 2-cocycle is cohomologous to {cijk)i,j,kei■ This 
induces an equivalence relation on the set of 2-cocycles bounded by L. We 
denote by H^{C,J,L) the set whose elements are equivalence classes for this 
relation, see also [4]. 

We can now present the classifying theorem of Giraud [6]. For this pur¬ 
pose, we denote by Gerb{C, J, L) the gerbes defined on the site (C, J) bounded 
by L and by IsoGerb{C,J,L) the set of isomorphism classes of elements of 
Gerb{G,J,L). 

Theorem 3.1. Let {G, J) be a site and L a sheaf defined on (C, J). The corre¬ 
spondence IsoGerb{G, J, L) —s- H'^{G, J, L) which associates to each equivalent 
class of gerbe the cohomologous class of its classifying cocycles is a bisection. 
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If the sheaf L is commutative, then L) is the set of cohomology classes 

in the classical sense and a gerbe is trivial if and only if the cohomology class 
of its classifying cocycle is zero. 

Suppose that the cohomology class of the classifying cocycle of the gerbe 
vanishes, a good question is to classify the global sections of the gerbe. This is 
achieved by the following result (see Giraud [6]): 

Theorem 3.2. Suppose that the classifying cocycle of the gerbe p : F ^ C 
bounded by the sheaf L vanishes then the isomorphic classes of its set of global 
sections is in bijection with F[^{C, J, L). 

Examples. 

We are going to apply these notions to a sheaf of categories defined over the 
classifying topos of a group object to study the lifting problem. We start by the 
following definition due to Grothendieck (see Giraud [6] p. 411): 

Definition 3.7. Let C be a topos and G a group object of C, the classifying 
space of G that we denote by Bq is the topos whose objects are left G-objects. 

Remark that a morphism u : Gi —)■ G 2 induces a morphism of topoi Bu = 
(B*, Bu^) : Bci —> Bg 2 - The inverse image B* of B^ associates to a G 2 -object 
(UJq^) the Gi object {U,Iq^ o u). The right adjoint of B* is defined by 
B^,{V)=HomGAG2,V). 

Let 1 —> L-^M^^N — > 1 be an exact sequence of groups defined in the 
topos G, and let Out{L) be the quotient of the group of automorphisms Aut{L) 
of L by the group of inner automorphisms of L. The previous exact sequence 
induces a morphism (f : N ^ Out{L), we deduce that Out{L) is an Wobject 
and {L,(j)) defines a sheaf Ln on the topos B^. (See Giraud [6] p. 430 and p. 
431). 

We are going to adapt here the result of Giraud [6] 5.3.1. 

Let Ejv be the Wobject of Bf^ obtained by the action of N on itself by left 
translations. The right translations define on Ej^ the structure of a torsor on 
the final object cbn of Bn (see Giraud [6] p. 412) or [8] SGA4.1 p. 374 exercise 
5.9.) 

Consider the category such that an object of is a L-torsorpy : ey —>■ 
V over an object V oi Bn such that the quotient of ey by L is the pullback of 
En hy the canonical morphism iy : G —> cb^- 

A morphism of Fn is defined by objects ey, i = 1,2 of Fn over Vi, f : 
Gi —>■ V 2 a morphism of Bn and g : ey —)■ eyj a morphism of L-torsors such 
that /opy =py og. 

Let p^ : F^ —>• Bn be the functor defined on objects by Pn{^v) = V and 
on morphisms by p^ (g) = f. 

This result is an adaptation of the remark 6.2.11 p. 437 of Giraud [6]. 

Theorem 3.3. The functor p^ : F^ Bn is a gerbe bounded by Ln- This 
gerbe is trivial if and only if the extension 1—J-L—>M— splits. In 
this case, the set of isomorphic classes of the splittings of this extension is in 
bijection with H^{Bn, Ln). 
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Proof. Let f : V ^ V' he a, morphism of Bn and g : ey —>■ V an object of 
the fibre v" going to show that the pullback h : ey ^ ey of g by 

f is a Cartesian morphism. This is equivalent to saying that for every object 
Cy of Fj^y the map Ch ■ Homidv{ey,ev) F[omf{ey,ey) which sends u to 
ho u is bijective. This last assertion is a consequence of the universal property 
of pullbacks: let I ■. ey ^ V be the torsor projection map and u, v be elements 
of Flomy{ey, ey) such that h o u = h o v. We have g o [hou) = [g o h) o v = 
(f o 1) o V. The universal property of the pullback implies the existence of a 
unique w : e'y ^ ey such that h o w = ho v and I o w = I o v. This implies that 
w = V and by exchanging the role of u and w, we obtain that w = u, thus Ch is 
injective. 

We show now that Ch is surjective. Let V : e'y —> C be an object of F^ 
and u : e'y ^ eyi such that g o u = f oV. The universal property of the fibre 
product implies the existence of a morphism v •. e'y ^ ey such that ho v = u. 
This implies that is a fibred category. 

Let f '■ U —>■ C be an object of Bn/V, we have to show that for every sieve R 
of J(/), the restriction functor : Carti^{BN/V,p^) —> Cartij^{R,p^) is an 
equivalence of categories, a fact which is equivalent to saying that this functor 
is essentially surjective and fully faithful. 

Firstly, we show that is essentially surjective. Consider an object e of 
Cartij^{R,p^) and let (/i : 14 —>■ V)i^i be a family of objects of R which 
generate R. Denote e{fi) by pi : ei ^ Vi. 

Since pfj is a fibred category, there exists a Cartesian morphism : e^ ^ e* 
above the morphism fij : Vi Xy Vj ^ Vi. Let = e(/i o fij). (Remark that 
fi o fij is an object of R). Since is a Cartesian map, we deduce the existence 
of a morphism ml : eij el such that ll o ml = e{fij); {fij is a morphism of 
R). Remark that ml is invertible since F^{fi o fij) is a groupoid. Thus we can 
write riij = ml o m* : e* —>■ el. 

Let n^j be the pullback of above Vj Vj xy 14, We have the Chasles 
relation nh. = n^j'n'jf.. We deduce the existence of a torsor pe : e ^ V obtained 
by gluing the family {ei)i^i. Moreover, there exist canonical maps hi : Vi ^ V 
such that Pi is the pullback of Pe by hi. This implies that is essentially 
surjective. 

Now we show that is fully faithful. 

Let e, e' be elements of Cartij, {B}f /V) and g,g' : e ^ e' morphisms. Let 
(resp. e'i) be the restriction of e to fi (resp. the restriction of e' to fi). Suppose 

rb £ 

that ijii^{g) = then the restriction of g and g' to are equal. This 

implies that g = g'. Let h : z;^(e) ^ *^(^0 be a morphism, h is defined by 
morphisms hi : ei ^ e' such that the restriction hi of hi to the pullback el of 
to 14 X y Vj coincide with the restriction h) of hj to e* = el. This implies that 
there exists a morphism g : e ^ e' whose restriction to is hi. Thus is fully 
faithful and henceforth an equivalence of categories. 

The gerbe p^ is trivial if and only if it has a global section. This is equivalent 
to saying that the fibre of the final object of Bn is not empty. An object of 
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Fn eB '^P torsion by an L-torsor a group isomorphic to M endowed 

with an action of N. This action is a splitting of the exact sequence 
M ^ N 


□ 


We apply this result to the lifting problem. We have seen that if p : P —>■ X 
is a G-torsor which satisfies the condition Gl, there exists an exact sequence: 

The previous theorem implies that ^ Bq is a gerbe 

bounded by Tg(p). We have: 

Theorem 3.4. The action of G on X can he lifted to P if and only if the 
classifying cocycle Cp of the gerbe is trivial. In this case, the set of 

isomorphism classes of the liftings of G is in bijection with H^{BG,Lg(^pf). 

We study now the lifting problem of a P-torsor p : P ^ X where X is the 
right homogeneous space G/L. We have the following proposition: 

Proposition 3.1. Let p : P G/L be an H-principal torsor which satisfies 
the condition Gl and such that Q{P) is a central subgroup of AutciP) and H 
is commutative, then Q{P) is isomorphic to H. 

Proof. Let Y be an object of G, and z an element of P{Y). Consider the 
morphism / : Q{P){Y) - 5 - H{Y) defined by f{g) = Og where g{z) = zUg. We 
are going to show that / is an isomorphism. We have {gg'){z) = zuggi = 
g(zagr) = {gz)agr = zagOg/. This implies that / is a morphism of groups. 
Suppose that f{g) = IniY). Remark that AutGiP)(Y) acts transitively on 
P{Y) since aut{P) is an epimorphism. Let z' be an element of P(Y), we can 
write z' = g'{z),g' e AutG{P){Y). We have g{z') = g{g'{z)) = g'{g{z)) = 
g'{z) = z'. This implies that / is injective. Let h be any element of H{Y). We 
define the isomorphism g^ of Q{P){Y) by gh{z) = zh. □ 

The previous proposition implies that if Q (P) is a central subgroup of AutG (P) 
and H is commutative, we have an exact sequence: 


1 ^ P ^ AutG{P) -^G^l. 

We have the following result: (Compare to [19] proposition 1.1). 

Proposition 3.2. Suppose that the {G,H)-bundle p : P ^ G/L has a lifting. 
Then P is a right homogeneous space of G x H. In particular if L is trivial, 
then P is isomorphic to P x H. 

Proof, let Y be an object of G, the group G(y) x P(T) acts on P{Y) by 
{g,h).z = gzh~^. This action is transitive. This implies the existence of a 
subgroup object L' oi G x H such that P is isomorphic to (G x H)/L'. We 
can identify L'{Y) with the stabilizer of z. Let h be an element of L'iY), 
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write h = where hi G G{Y) and ^2 G H{Y). Consider the morphism 

/ : L'iY) -G GiY) defined by f{h) = fii; / is injective since the action of H on 
P is free. Remark that the image of / is the stabilizer of p(Y)(z) that we can 
suppose without restricting the generality to be L(Y). We deduce the existence 
of a morphism g : L(Y) —> H{Y) such that L'{Y) = {{h,g{h);h G L{Y)}. In 
particular, if L is trivial, L' is also trivial and P = G x H. □ 

Proposition 3.3. Suppose that the {G,H)-bundle p : P ^ G/L has a lifting 
and there exists a representation (j) L ^ H such that P{Y) is the quotient 
of G(Y) X H(Y) by {{I, (f)(1)), I G L(Y)} then the group AutQ(P) of (G,H)- 
automorphisms is the commutator of (f>(L) in H. 

Proof. Let f : G —)■ G/L he the projection morphism, Y an object of G and h 
a (G, iL)-automorphism of p(Y), we denote by f*h = m the pullback of h to 
f*p{Y) m is a (G, iL)-automorphism of the trivial bundle G{Y) x H{Y). For 
every element (u,v) of G(Y) x H(Y), and every m G AutQ(f*P){Y), we can 
write m(Y)(u,v) = (u,vam(u,v)). 

Since m(Y) commutes with the action of G(Y), we deduce that am(u,v) 
depends only of v. Since m{Y) commutes with H{Y), we deduce that m{Y) 
is a gauge automorphism. We can write m(Y)(u,v) = (u,amv)- Consider the 
map a : AutQ(f*P){Y) -G H(Y) which sends m to Om- We show now that 
the image of a is contained in the commutator of (f>(L){Y) in H(Y). Since m 
is the pullback of a morphism of P, we deduce that l.m(u,v) = m(l.(u,v)). 
This is equivalent to saying that (lu, <f>(l)amv) = (lu, am4>(l)v)- We deduce that 
4'{l)o,m = 0'm4>(l)- Thus Um commutes with (f>(L). 

Remark that a is injective. Let c be any element of the commutator of 
(f>(L)(Y) in H{Y), we define the (G, iL)-automorphism Oc by ac(u,v) = (u,cv). 
This show that a is bijective. If we endow H{Y) with the product defined by 
xy = then a~^ is a morphism of groups. 

□ 


Remark. 

A (G, iL)-torsor over an homogeneous space p : P ^ G/L is often called 
a principal homogeneous bundle. More generally, if F is any L-object, we can 
define the homogeneous bundle P ^ G/L where P is the quotient of G x F 
by the diagonal action of L. This defines a functor between the Grothendieck 
classifying space BL and the category of homogeneous L-spaces. 

Homogeneous bundles are intensively studied in differentiable geometry and 
in algebraic geometry. The theory of gerbes enables to classify homogeneous 
bundles structures whose underlying principal iJ-bundle p : P ^ G/L verifies 
the property Gl: If the obstruction C 2 G H‘^{BG, Lh) of the existence of (G, H)- 
structure vanishes, then the set of homogeneous bundles defined on p is in 
bijection with H^{BG, Lh). 
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4 Lifting groups in topology. 

We are going to apply in this section the results obtained in the previous section 
to study the lifting question in the category of topological manifolds. The results 
that we are going to obtain generalize the results of Hattori and Yoshida [13]. 

Let Crop be the category of topological manifolds, a group object in Cxop 
is a topological group. The topological manifolds considered here are locally 
contractible. 

Let H hea, topological group which acts on the left (resp. on the right) of the 
topological manifold M, x an element of M and h an element of H. We denote 
by h.x (resp. x.h) the action of h on x. In topology, an i/M-torsor is a locally 
trivial principal iL-bundle p : P ^ M: it is defined by a topological manifold 
P on which H acts freely on the right such that P/H is homomeomorphic to M. 
There exists an open covering {Ui)^i of M such that p~^{Ui) is isomorphic to 
the trivial iJ-bundle Ui x H, and P is obtained by gluing the trivial iL-bundles 
Ui X H with the transition functions 


iiij ■ Ui O Uj X H —y Ui Uj X H 

Utj{x,y) = {x,y.g^j{x)). 

Where gij : Ui fl [/j —> is a continuous map. 

A gauge transformation of the iL-principal bundle p : P —5- M is an 
homeomorphism / of P over the identity of M which commutes with the action 
of H. Thus, for every element y of P, there exists an element ay of H such 
that f(y) = y.ay. Remark that ayh = h~^ayh. We denote by Q{P) the group 
of gauge transformations of P. It is the set of global sections of the principal 
P-bundle P —>■ M whose transition functions are defined by: 

{x,y) {x,y.Ad{g-^)) 

where Ad is the adjoint representation of H. 

We can formulate the lifting problem in this context: we say that the action 
of G on M can be lifted to P if and only if P is endowed with a left action of 
G such that for every x € P,g € G and h G H we have: 

g.{x.h) = {g.x).h 

g.ip{x)) =p{g.x) 

Example. 

Let G and H be topological groups, the action of G on G x P defined by 

g.{g',h) = {gg',h) 

where g,g' € G and h G H lifts the canonical action of G on itself by left 
translations. 
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Suppose that the condition Cl is satisfied, we have the exact sequence of 
topological groups: 


l^g(P)nAutG{Pf^^G^l 

. We suppose that Ctop is endowed with the weaker topology Jxop such that 
a covering family of the topological space X is a family of local homeomorphisms 
{fi : Xi —>• X)i^j such that Uie//i(^*) = Giraud [6] p. 453 shows that to 
study extensions of groups in Crop, we can study group extensions in the topos 
associated to Crop- Since the sheaves defined on the final object of Crop are 
trivial, we have the following result (see also Giraud theorem 8.4): 

Theorem 4.1. The classiying class Cp of the gerbe ^ 

is the obstruction of the existence of a lifting of G to P. If this classifying 
cocycle vanishes then the set of isomorphism classes of the liftings of G to P is 
in bisection with H^{Bg, Lg(^p')). 

Remarks. 

Remark that the condition Cl is satisfied if for every element g € G, the 
pullback of p : P —>■ M by g is isomorphic to p. 

Hattori and Yoshida [13] has obtained a similar result by supposing the 
existence of a pseudo-lifting when the group H is commutative. 

Suppose that H is the n-dimensional torus T", then Cc;(p) = 

We deduce that il^(PG,Pg(p)) = 0 if the first betti number bi{M) of M is 
zero. If G is compact connected and simply connected, it is well-known that 
7ri(G) = 7r2(G) = 1. The homotopy sequence attached to the universal fibration 
Eg Bg shows that 7ri(PG) = t^ 2 {Bg) = 1, this implies that H‘^{Bg, Lg(p)) = 
0 if H = T". We thus obtain the following result (compare with Brandt and 
Haussmann [3] corollary 1.5 and 1.7, Hattori and Yoshida [13] Corollary 3.6 and 
with Stewart [19] theorem 4.1). 

Corollary 4.1. Let M he a topological manifold endowed with the action of the 
compact Lie group G and p : P ^ M be an H-principal bundle. Suppose that 
H is commutative and one of the following condition is verified: 

- G is compact connected and 1-connected, 

-hi{M) = 0 

then the action of G on M can he lifted to P. 


5 Applications to differentiable geometry. 

In this section, we are going to work in the category Coiff of differentiable 
manifolds and use the well-known results which describe actions of compact Lie 
groups in this category. 

Suppose that M is a compact manifold endowed with the left action of the 
compact Lie group G. The orbit of the element a: of M is the set {g.x^g € G}. 
We denote by Gx the stabilizer of x, it is the subgronp of G whose elements fix 
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X. We denote by [Gx] the conjugacy class of Gx in G. We say that the elements 
X and y oi M have the same orbit type if Gx is conjugated to Gy. The set of 
conjugacy classes of stabilizers of elements of M is finite and is partially ordered 
by inclusion, and we denote by [Gq], [Gi]..., [Gp] its elements. It can be shown 
that this set has a minimal element that we suppose to be [Go]. Let Mj be the 
subset of M such that the stabilizers of elements of Mi are conjugated to Gi; it 
is a submanifold of M and M is the union of (Mi)jg|o,,,,,p}. The submanifold 
Mq is dense and the orbits of its elements are called the principal orbits. The 
action of G is principal if and only there exists only one orbit type. We say that 
the element a: of M is singular if the orbit of x is not principal. A submanifold 

of M is singular if and only if every element of N is singular. 

Suppose that Mi is singular or equivalently that Gi is not conjugated to 
Gq. We can dehne the blowing-up of M along Mi as follows: We choose on 
M a differentiable metric preserved by the elements of G. There exists r > 0 
such that the disc subbundle D'^{Mi) of the normal bundle N{Mi) of M is a 
tubular neighborhood of Mi and its boundary S^{Mi) is a submanifold of M. 
The blowing-up Mi of Mi is the gluing of M — D^{Mi) and S''{Mi) x [—1,1] by 
identifying their boundaries by 

{x, u, t) —>• expx{tu) 

where x is an element of Mi, u an element of N{Mi)x whose norm is r and t = 1 
or —1. 

Remark that Mi is endowed with the action of G such that: 

- The set of conjugacy classes of the stabilizers of the elements of Mi is 
{[Go],..., [Gp]} - {[Gi]} 

- There exists a surjective G-morphism pi : Mi —> M whose restriction to 
Mi — p~^{Mi) is a diffeomorphism onto M — Mi. 

We can iterate this process and obtain a manifold M endowed with an action 
of G and a surjective morphism p : M ^ M such that: 

- The action of G on M is principal and the conjugacy classes of the stabi¬ 
lizers of elements of M is [Go]. 

The restriction of p to M — p~^{Mi ,..., Mp) is a diffeomorphism onto M — 

Since there is a good understanding of the geometry of the actions of compact 
Lie groups on compact manifolds, we start by studying the locally the question 
1, or equivalently by classifying (G, iL)-bundles defined on homogeneous spaces, 
after that we use gerbe theory to study the global situation. 

Firstly, we have to ensure that given an element x oi M, p*^p GjGx the 
pullback of p by the orbit map px is endowed with the structure of a (G, H)- 
bundle. This leads to the following condition which appears in the work of 
Brandt and Haussmann [3]: 

C2. We suppose that for every element x of M, and y in p~^{x), there exists 
a continuous map c : G ^ P such that c(1g) = y and p{c{g)) = g.x. 

The global question leads to the following question: 
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Question 2. 

Suppose that the action of G can be lifted to the pullback of p over an orbit 
of G, is this action can be lifted to P ? 

As we have seen, the local study is equivalent to the classification of homo¬ 
geneous principal bundles. We define in this section Grothendieck topologies 
which occur in differential geometry. The two last examples are related to the 
lifting problem studied in this paper. 

Let DifP"^ be the category whose objects are finite dimensional mani¬ 
folds and whose morphisms are immersions. We define on the comma category 
Dif/M , over the object M of the topology such that for every 

object hjj •. U ^ M oi Diff^"^/M, an element R of is a family of 

morphisms {hu^ ■ Ui U)i^i of DifP"^/U such that {J^^j hu^{Ui) = U. This 
topology is called the small site. 

Let Diff°P be the category whose objects finite dimensional manifolds and 
whose objects are open maps. We define on the comma category Diff°P/M, 
over the object M of Diff°P, the topology such that for every object h/j : 
[/ — > M of Diff°P/M, an element R of Jm{^u) is a family of objects {hui ■ 
Ui — > U)i^i of Diff°P/U such that IJjg/ huXUi) = U. This topology is called 
the big site. 

The following two topologies will be particularly relevant for this paper. 

Let G be a Lie group, Diff^ be the category whose objects are finite 
dimensional G-manifolds and whose morphisms are G-immersions. Let M be an 
object of Diff^. We define on the comma category Diff^/M that we denote 
also SG,M the topology Jq such that for every object hu '■ U ^ M (also denoted 
{hu, U)) an element R of jQ{hu, U) is a family of objects {hui '■ Ui —>■ Gjig/ of 
sg,m/U such that (Jig/ hui{Ui) = U. This topology is called the small G-site. 

Let 6 g,m be the category whose objects couples {hu, U) where hu is an open 
G-differentiable maps hu ■ U ^ M such that: 

U is the blowing-up of the singular subspace Nu of hu{U), 

The differentiable map hu is a blowing-up projection map hu ■ U ^ hu(U). 
Remark that the restriction of hu to U — hu~^{Nu) is a diffeomorphism onto 
U-Nu. 

A morphism between the objects hu '■ U ^ M and hu' : G' —>■ M of bG,M 
is an open G-differentiable map f : U ^ U' such that hu' o / = hu- We define 
on bG,M the topology Jq such that for every object hu ■ U ^ M oi bG,M, an 
element R of jQ^hu) is a family of objects {hui ■ Ui —>■ Gjig/ of bG,M/hu such 
that [Ji^ihuM) = U. 

Remark. 

Let M be a manifold endowed with the action of the Lie group G, if the 
action is principal then the categories and sg,m are identical. In fact 

bG,M is SG,r(M) where r{M) is the resolution of M. 

Let M be a differentiable manifold endowed with the left action of the Lie 
group G, for every element x of M, denote by 14 the quotient of the tangent 
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space TxM of x, by its subspace Wx tangent to the orbit of x. Remark that the 
differential dg of every element g of Gx induces an automorphism of Vx- We 
deduce that the group Gx acts diagonally on the left of G x by: 

9 -{ 9 ',v) = {g'g~'^,dg{v)). 

and the quotient of G x 14 by this action is a vector bundle Px '■ Sx ^ GjGx 
defined over GjGx whose typical fiber is 14. We will often use the following 
slice theorem due to Koszul: 

Theorem 5.1. Let M be a compact differentiable manifold endowed with the 
left action of the compact Lie group G, there exists a neighborhood U (called 
a Koszul neighborhood) of the zero section of px and a G-morphism U ^ M 
which is a diffeomorphism of U onto its image. 

Remarks. 

The slice theorem shows the existence of objects of the category sg,m and 
for every object hfj : U ^ M ot sg,m, elements of jQ{hu) by providing a family 
Koszul neighborhoods {Ui)i^i such that IJjg/ Ui = U. 

We can also obtained objects of 6 g,m by blowing-up objects of sg,m along 
singular submanifolds. 

We are going apply the theory of gerbe to study the question 2. 

Let M be a differentiable manifold endowed with the action of a Lie group 
G, H a Lie group and p : P ^ M a locally trivial principal iL-bundle defined 
over M. We denote by Fq (resp. Fq) the category whose objects are principal 
iJ-bundles Pejv '■ bn ^ N and which satisfy the following conditions: 

- There exists an object f : N ^ M oi bG,M (resp. sg,n) such that e^v is 
isomorphic to the pullback f*p of p by /, 

- Cat is endowed with an action of G which commutes with H and Pe^ is a 
G-morphism. 

A morphism / : ejv ^ e^v' of Fq is a morphism of iL-bundles which 
commutes with the action of G. This implies the existence of a G-morphism 
g : N ^ N' such that the following square is commutative: 

Cn -^ ON' 

Pn i i Pn' 

N ^ N' 

For every every object u : N ^ M oi bG,M (resp. sg,m), we denote by 
Fq{u) (resp. Fq{u)) the subcategory of Fq (resp. Fq) which are iL-bundles 
isomorphic to u*p and whose morphisms are morphisms of Fq (resp. Fq) over 
the identity of u. 

We can define the functor Pq : Fq ^ ba^M (resp. Pq : Fq ^ sg,m) such 
that for every object cn ^ N oi Fq over the object h]\[ : N ^ M ot ba^M (resp. 
Fq over the object N of sg,m) and every morphism f : cm ^ sn' of Fq (resp. 
F^) over g : N ^ N', Pcien) = hn and Pg(/) = 9 (resp. PcidN) = N and 
PUf)=9)- 
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Remark. 

The category FQ{f) is a groupoid: let g : cat —>■ be a morphism of FqI/), 
the restriction of g on each fibre of e^v is a diffeomorphism since / commutes 
with F[, thus the inverse of / can be calculated fiberwise. 

Proposition 5.1. The functor p^Q : Fq —> 6 g,m is a fibred category. 

Proof. Let f : N ^ M, f : N' ^ M he objects of bG,M, u : N ^ N' he a. 
morphism of bc.M and cm' an object of FQ{f'). The pullback u*{eM') = e^v of 
cn' is an object of F^lf) defined by the Cartesian square: 


Cat 

Pn j. 
N 


Cn' 

iPN' 

N' 


We are going to show that u* is a Cartesian morphism. Let be another 
object of FQ{f). We have to show that the morphism c„ : Homidff{e'f^,eN) —>■ 
Flora u{e'j^,eN') defined by c„(/i) = u* o h is bijective. This results from the 
general properties of the fibre products. (See also theorem 3.3). 

To complete the proof, we are going to show that the composition of two 
Cartesian morphisms is a Cartesian morphism. Let f : Ni ^ M,i = 1,2,3 
be objects of 6g,m, Ui : A^i+i — >■ Ni,i = 1,2 be morphisms of ^g.m- Consider 
the Cartesian morphisms Vi : e^+i —>■ ei,i = 1,2 Cartesian morphisms above 
Ui,i = 1,2. Since (ui 0 U 2 )* = u^ou^ is Cartesian and Tg(/ 3 ) is a groupoid, we 
deduce the existence of an isomorphism Z : 63 ^ such that o ti 2 = 

U 20 ul ol. Since U 2 o u* is Cartesian and I is an isomorphism, we deduce that 
vi o V 2 is a Cartesian morphism. 

□ 


We can show with the same methods used to prove proposition 4.1 the 
following result: 

Proposition 5.2. The functors Pq : Fq sg,m is a fibred categories. 

Proposition 5.3. The functor p^Q : Fq bG,M is a sheaf of categories. 

Proof. Let /& : IV —>■ M be an object of 6g.m, we have to show that for 
every sieve Rb Jcifb) the restriction functor i^^^ : Carti^^fic.M/fbjPc) 
Cartij^^{Rb,p\fi) is an equivalence of categories, a fact which is equivalent to 
saying that this functor is essentially surjective and fully faithful. 

Firstly we show that i^f^^ is essentially surjective. Consider an object e of 
Carti^ {Rb,PQ) and let (/* : Ni N)i^i be a family of objects of Rb such that 
Uie MNi) = N. Denote e{fi) by pi : d ^ Ni. 

Since Pq is a fibred category, there exists a Cartesian morphism > e* 

above the morphism fij : Ni Xpf Nj — >■ Ni. Let = e(/i o fij). Since Z^ is 
Cartesian map, we deduce the existence of a morphism mi : Cij —>■ e* such that 
PQ{lj omi) = fij. Remark that mi is invertible since FQ^fi o f^) is a groupoid. 
Thus we can write = mi o mlj : e* ei . 
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Let b© the pullbH-ck of ^ij Sibove x jsj Nj X TV ^Ve have the Chasles 
relation Since Cj is a manifold, we deduce the existence of a 

manifold e obtained by gluing the family (ei)i^j endowed with actions of G 
and H which commute each other and such that the action of H is free. The 
quotient N' of e by i? is a manifold N' endowed with an action of G such 
that the canonical projection pe : e —>■ TV' is a G-map. Moreover, there exists 
canonical maps hi : Ni ^ N' such that pi is the pullback of Pe by hi. This 
implies that is essentially surjective. 

Now we show that is fully faithful. 

Let e, e' be elements of Gartij.^{bc,M/,P g) g,g' : e ^ e' morphisms. 
Let (/i : Ni be objects of R such that Uie 7 /i(X) = e* the 

fb 

restriction of e to fi and e' the restriction of e' to fi. Suppose that = 

i^^i^ig'), then the restriction of g and g' to Cj are equal. This implies that g = g' 
since Uie/ /*(X) = N- Let h : be a morphism, h is defined by 

morphisms hi : Ci ^ e' such that the restriction hj of hi to the pullback ej of 
Ci to iVi X TV Nj coincide with the restriction hj of hj to e* = ej. This implies 
that there exists a morphism g : e ^ e' whose restriction to ct is hi. Thus 
is fully faithful and henceforth an equivalence of categories. □ 

We can also show the following proposition by using the methods used to 
prove the proposition 5.3. 

Theorem 5.2. The functor Pq is a sheaf of categories. 

We want to apply the theory of gerbes to the sheaves of categories Pq : 
Fq —>• SG,M and Pq : Fq{M) —7 6 g.m- Remark that these sheaves of categories 
are not always gerbes as shows the following example: 

Suppose that M is the point, let Z be the group of integers, and consider 
the bundle —7 M. Let G be a discrete Lie group which acts (trivially) on 
M, there can exist more than two actions of G on Z^ which are not equivalent, 
thus in this situation, Pq is not locally connected. 

Here is another example: Suppose that M = S'^. Then M is the quotient 
of the orthogonal group SO{n + 1) by SO{n). Consider the trivial bundle 
p : P = X SO{n + 1) S'”. We can lift the action of SO{n + 1) on P by 

the following actions: Let g € SO{n + 1) and x G S”. For every h £ SO{n + 1), 
we set pi(h){x,g) = (h.x,g) and p 2 (h){x,g) = (h.x,hg). The lifts pi and p 2 are 
not equivalent since their orbits do not have the same dimension. This shows 
that the lifting of the action of G on P is not always unique. 

We are going to add conditions which insure that the sheaves of categories 
Pq and are gerbes. We start by studying the local situation. 

Proposition 5.4. Suppose that M is connected and the action of G on M is 
principal then for every elements x,y of M, the pullback p*p of p by the orbit 
map px is isomorphic to p*p. 
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Proof. We can suppose that a Koszul neighborhood of x is isomorphic to the 
product {G/Gx) x V (see Audin proof of proposition 2.2.1.) where F is a 
contractible ball of a finite dimensional vector space and that y is an element of 
this Koszul neighborhood since M is connected. This implies that the existence 
of an homotopy between px and py. Let F : M ^ BH be the classifying map 
of p. The classifying map of is F o px which is homotopic to F o py. We 
deduce that p%p is isomorphic to p*p. □ 

Given an iL-principal bundle: p : P ^ M such that M is endowed with 
the principal action of the compact Lie group G, the results of Stewart[19] p. 
194-195 motivates the following condition: 

G2 

There exists an element x of M, such that: 

- there exists a morphism G : Gx H such that the pullback of p by the 
orbit map px is the canonical iL-bundle of = (G x H)/Ax —>■ GjGx where 

— (5;G(3)):3 € Gx- 

We suppose that Px is endowed with the action of G induced by the action 
of G on G X iL defined by g.{gi,h) = {ggi,h). 

We consider the full subcategory of P^.M ^^^^h that each object pu : 

eu ^ U oi Fq j^ is a (G, iL)-bundle such that for every y in U, PyPu is isomor¬ 
phic to Px- We denote by ® the restriction of Pq to Pg m- 

We define now the sheaf I^.m ^G.m to be the sheaf defined on 6 g,m such 
that for every object f : N ^ M oi bc.M, Ir.m i® tii® set of differentiable 
functions from N to H such that for every x € M, f{x) commutes with lx{Gx) 
in F[. 

We have the following result: 

Theorem 5.3. Suppose that the condition G2 is verified by the Fl-bundle p : 
P ^ M and M is connected, then p^q\j '- bc^M is a gerbe bounded by 

M- If the classifying cocycle of p^q\^ vanishes, then the isomorphism classes 
of the {G, H)-bundles over M such that there exists a point y of M sueh that 
PyP is isomorphic to Px is in bijection with P[^{ba,M,lH m)- 

Proof In order to prove this result, we can replace M by its principal resolution 
and thus suppose without restricting the generality that the action of G on M 
is principal and the stabilizers of the orbits of its elements are conjugated to the 
subgroup L of G. It remains to prove that Pq is locally connected. 

Let {Ui)i(zi be a open covering of M by Koszul neighborhoods such that 
Ui is the quotient of G x Vj by P where Vi is a contractible ball of a finite 
dimensional vector space. Since the action of G is principal, we can suppose that 
Ui is G/L X Vi and we denote hj fi : G/L x Vi ^ M the canonical embedding. 
Let X be an element of Vi and fx : G/L x {x} —>■ G/L x Vi the canonical 
embedding. Since the property G2 is verified by p, there exists a representation 
lx '- L ^ H such that the pullback of p by /i o fx is the right quotient of G x iL 
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by Aa; = {{g,lx{g)),g G L}. Consider the iJ-bundle rm : Pi ^ Ui where Pi 
is the product of the total space of the pullback of p hy fi o and Vi. The 
restrictions of rm on G/L x {x} and {fi o fx)p* coincide. Since Ui retracts to 
L/G X {x}, we deduce that f*p is isomorphic to rm. This implies that Tg’m(/0 
is not empty and connected. 

The fact that the gerbe ^G,m is bounded by the sheaf ^ follows 

from the proposition 3.3. □ 

Corollary 5.1. Suppose that the aetion of G on the connected manifold M is 
free, then if the eondition G2 is verified, Fq ^ ^ bc.M is a gerbe, in this ease 

for every element y of M, p*p is the trivial H-bundle. 

Proof. If the action of G is free, and the condition G2 is verified, then for every 
element y of M, p*p is isomorphic to G x FI since the stabilizers are trivial 
groups. We deduce that Fq = Fq’^ where lx is the trivial representation. We 
can henceforth apply the previous theorem. □ 

We have remarked that if the action of G on M is principal, then 6g,m is 
equal to sq.m we deduce: 

Corollary 5.2. Suppose that the action of G on M is principal, and the eon¬ 
dition G2 is verified by the H-bundle p : P ^ M, then p^q%i : Fq^I^ sg,m is 
a gerbe bounded by m- 

Lashof [14] has studied (G, iJ)-bundles for which the action of G is principal 
by using homotopy theory. 

We are going to study now the lifting problem on the site sg,m- Let G 
be a Lie group which acts on the compact manifold M. Recall that if M is a 
disjoint union IJ*Zq Mi where Mi is a connected component of a submanifold 
type if f > 0 and Mq is the submanifold type of the principal orbits. We can 
assume without restricting the generality that for every i > 0, there exists a 
neighborhood Ui of M invariant by G and such that the intersection of Ui and 
Uj is empty if i,j > 1. Let Xi be an element of Mi and Li its stabilizer. We 
suppose that Lq is a subgroup ot Li, i >0. 

We set now a new condition to define a classifying gerbe. 

Condition G3. 

Suppose that the condition G2 is satisfied and there exists a representation 
hi : Li ^ H such that: 

For every f, j > 0 if Li C Lj, then restriction of hj to Li is hi. 

p* .p is isomorphic to the right quotient of G x by defined by l.{x, y) = 
{lx,hfil)y), 

p%^p is isomorphic to the right quotient of G x by Lq defined by l.{x, y) = 
{lx,h^{l)y). 

We dehne, Flfj the subcategory of F^j such that for every object eu ^ U oi 
the F^, and x an element of U, 
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if X is in Mi, i > 1, then there exists a Koszul neighborhood, U' C U of a; 
which is the quotient of G x y by We suppose that the restriction of eu to 
U' is isomorphic to the quotient of G x y x H hy Li by the action dehned by 
l{x,y,z) = {lx,dl{y),h^{l)z),i > 1. 

We denote by the sheaf dehned on sg,m such that for every object U of 
SG,M, is the set of differentiable functions from U to H such that for every 
X € U, f{x) commutes with lx{Gx)- Let Pq : —>• sg,m be the restriction of 

p%[ to F^. The condition G3 expresses the fact that the functor Pq is a locally 
connected sheaf of categories, thus a gerbe. The proposition 3.3 implies that 
this gerbe is bounded by ■ These facts are summarize by the following result: 

Theorem 5.4. Suppose that the conditions G2 and G3 are verified, then the 
functor Pq : F^ —> sg,m is a gerbe bounded by . 

We consider now the particular situation where M = Consider the 

action of SO{n) on S'" C which hxes the south pole S and the north 

pole N. This action of SO{n) has two orbit types: one type is represented 
by the poles, the fixed points of this action. The other type is represented by 
the intersection of S" and the hyperplanes orthogonal to the line containing 
the north and the south poles. We have the following result: (compare with 
Hambleton and Haussmann [11]). 

Theorem 5.5. Suppose that S" is endowed with the action of SO{n) that we 
have just defined and let p : P ^ S"' be a principal FI-bundle. Suppose that the 
conditions C2 and G3 are verified, then the gerbe Pq : F^ —>■ sg,s^ Is trivial. 
The set of isomorphic classes of {SO{n),G)-bundles over S'^ is in bijection with 

H\S'^,l)f). 

Proof. Let Gg be the south hemisphere of S" and Un its north hemisphere. The 
restriction of Pq to Us and Un are trivial, since Un and Us are contractible. 
Let PS '■ es ^ Us and pn ■ cn ^ Un be objects of Fq. There are trivial 
bundles since Un and Us are contractible. Thus there exists representations 
PS,Pn ■ SO{n) -7- FI such that es (resp. cn) is the quotient of Gs x iL (resp. 
Gat xiJ) by action of 5'0(n) defined by h(a;, y) = {h.x, ps{h){y)) (resp. h{x,y) = 
{h.x, PN{h){y)). Since the condition G3 is verified, we can glue {Us x H)/SO{n) 
and {Un X H)/SO{n) along (S*”"^ x H)/SO{n) and obtain a global object of 

p%. □ 


Applications to algebraic geometry. 

Let S' be a scheme, and {Cs,Js) the category Gs of S-schemes endowed 
with the etale topology Jg. Consider the group schemes G and H of Cs and let 
A be a S-scheme endowed with an action of G and p : G —> A be an iL-torsor. 
Can the action of G be lifted to P to an action which commutes with H ? 

We can apply here the results obtained in the general situation of topoi. We 
also have have the exact sequence: 

1 —^ G{P) —^ AutG{P) —^ G 
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Where GiP) is the group of gauge automorphisms of p and AutciP) group 
of automorphisms of P above elements of G. Suppose that the condition Cl is 
verified, the theorem 3.4 implies the following result: 

Theorem 5.6. Suppose that the condition Cl is verified; the action of G on X 
can he lifted to P if and only if the classifying cocycle Cp of the gerhe : 

pAutG(P) trivial. In this case, the set of isomorphism classes of the 

liftings of G is in bijeetion with HlfiBa, Lg). 

Let X be a smooth affine irreducible variety defined over the algebraically 
closed field k, and G a reductive group which acts on X. Let x be an element 
of X whose orbit is closed. Luna [16] has shown that: 

Theorem 5.7. There exists an affine subvariety V of X stable by Gx which 
contains x and an etale G-morphism f •. G -a X whose image is an open 

affine subvariety of X. 

Luna [16] has also defined a stratification of X as follows: 

We denote by A4 the space whose elements are homogeneous vectors bundles 
isomorphic to G Xh N where H is a reductive subgroup of G, and N a finite 
dimensional /c-vectors space endowed with an action of H. Let X/G he the 
category quotient oi X hy G px ■ X ^ X/G the projection morphism. We 
can define the map px '■ X/G ^ Ai such that px{a) is the class of the normal 
bundle of px~^{a). The image of px is finite. This implies that there exists 
a finite number of orbit types that we denote by [Li],..., [L„]. Let A be an 
element of M., M\ = px~^{{px)~^{^)) is a closed subvariety of X. Moreover 
there exists an open stratumM^j called the principal stratum. 

This result enables to define the site Et^ whose objects are etale morphisms 
h :Y ^ X such that Y is endowed with an action of G, ft, is a G-morphism and 
its image is open. 

Consider the category whose objects are H bundles Pe^ : eu ^ U such 
that: 

- There is an etale morphism hu '■ U ^ X which is an object of 

- The bundle Pe^ : eu ^ U is the pullback oi p ■. P ^ X hy hu, 

- ejj is endowed with a (G, iL)-structure such that is a G-morphism. 

A morphism of F^ is defined by a morphism f ■ eu ^ ejj' of ift-torsors such 
that there exists a morphism g : U ^ U' ol Etx such that hi/i o f = g o hu ■ 

We define p® : F^ -A Etx be the functor which sends hu to U and the 
morphism f : eu ^ eu> above g to g. 

We suppose that the following condition is satisfied: 

G3a There exist morphisms hi : Li ^ H such that: 

If Li C Lj then hi is the restriction of hj to Li. 

Let X be an element of ■ The pullback of p : P AT by the orbit map 
Px is isomorphic to the quotient of G x ift by 

We denote by l^ the sheaf defined on Et^ such that for every object U of 
Et% , IxiU) is the set of morphisms U ^ H which are constant on the orbits of 
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G and such that for every x £ U and / G lx{U), f{x) is in the commutator of 
Li if X is fixed by Li. 

Theorem 5.8. Suppose that the condition C3a is satisfied then Px is a gerbe 
bounded by l^- 
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